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Kays and co-workers at Stanford University [1] ; their results are given in tabular form and 28 for different types of boundary conditions on both walls by Shah and London [2] . One can 29 also find in this last reference analytical and numerical solutions to laminar flow problems in 30 similar geometries such as the eccentric annular region or a confocal elliptic annular region.
31
This efficient system can be further improved if the two cylinders are allowed to rotate 32 at low angular velocities so that the energy consumption is not too high. If the cylinders are where chaotic streaklines appear in the geometry considered here, but also in the partitioned 37 pipe mixer, were taken by Kusch and Ottino [3] . However these authors have not provided a 
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for adiabatic operation of the heat exchanger to determine the best conditions, namely the 50 eccentricity ratio and modulation frequency, leading to a maximum heat transfer rate from 51 the cylinders to the fluid. It is shown that there is a connection between the operating regime 52 that yields optimal thermal performance and the advection properties of the flow. and R 2 , respectively, the distance between the centers of the two cylinders is labeled e, and 57 the axial length of both cylinders is L. A sketch of the cross section and a view of the 58 complete apparatus are shown in Fig. 1 . The cross-sectional geometry is completely defined 59 by two dimensionless parameters: the clearance ratio, R 2 /R 1 , and the eccentricity ratio, 60 ǫ = e/(R 2 − R 1 ).
61
The analytical solution for this flow can be obtained by first solving the cross-sectional where
70
This coordinate system is orthogonal; the scale factors are
72
In bipolar cylindrical coordinates the inner and outer cylinders correspond to surfaces of 73 constant α; the boundary values, α 1 and α 2 , can be determined from the following identities: are simpler than in the other coordinate systems.
81
When the two cylinders rotate at constant velocity, and assuming that inertial effects are 82 negligible, the equations of motion for the cross-sectional flow can be written as
84
where ω is the axial component of the vorticity vector and ψ is the stream function defined
87
Here, V α and V β are the two cross-sectional components of the velocity vector.
88
The analytical solution to the above equations with the expressions of all the constants 89 is quite long and is not fully reproduced here; it is given by Ballal and Rivlin [9] . In short,
90
the solution can be written as
94 95
96
where the A i , B i , C i , and D i are constants determined from the boundary conditions. These 97 are the prescribed angular velocities of both cylinders (Ω 1 and Ω 2 ) and the no-slip boundary 98 conditions.
99
The axial velocity component, V z , is obtained by solving the axial component of the 
A n e nα + (B n − coth α)e −nα cos nβ ,
106 where 107
108 109
110
The average axial velocity over the cross section A = π(R A V z dA, is defined in terms of bipolar coordinates as
113
To determine V z for a given geometry, Eq. (11) is substituted into Eq. (14) and the latter 114 is integrated numerically; this gives
116
where K is a constant that depends on R 2 /R 1 and ǫ.
117
The three velocity components for the case where both cylinders are turning at constant is assumed that the outer cylinder turns at a constant angular velocity Ω 2 , whereas the inner 126 cylinder is allowed to rotate in the opposite direction (counter-rotation) with a time-periodic 127 angular velocity:
128
129 where δ and ω are the amplitude and frequency of the inner-cylinder modulation.
130
The analytical solution of the cross-sectional velocity components, Eqs. (7)- (9) cross-sectional flow, is also small. This assumption allows us to consider the flow to be quasi-
135
static and the velocity profile to be given by the analytical solution for steady rotation at 136 the instantaneous angular velocity ratio. This can be written mathematically as
138
The flow is also quasi-static if δ ≪ 1, but this is not the case under consideration here. A 139 complete discussion of this assumption and of the Strouhal number is given later on. 
147
where η = k/ρc p is the thermal diffusivity of the fluid; k, ρ, and c p are, respectively, the 148 thermal conductivity, the density, and the heat capacity of the fluid.
149
As mentioned above, for the concentric annular heat exchanger without any rotation, conditions. From these solutions an internal and an external Nusselt number can be defined.
152
Here, the purpose is to determine the geometry and the way the cylinders have to turn developing profile were calculated by Shah and London [2] .
159
For the concentric case, if one or both cylinders are allowed to rotate at constant speed 160 and assuming that laminar flow prevails, there will be no heat transfer enhancement because For this reason the following numerical experiment was devised: the heat exchanger is 174 assumed adiabatic, i.e., no heat is exchanged through the cylindrical walls, and the fluid 175 entering the heat exchanger has a nonuniform temperature distribution. For simplicity, the 176 inlet temperature field, T (α, β, z = 0), is taken to be linear in the α coordinate, which is the 177 main direction for cross-sectional heat transfer, such that
179
where T 1 and T 2 are the extreme values of the temperature distribution.
180
Now, since the heat exchanger is adiabatic, the best velocity protocol and the best ge-181 ometry will be the ones that give the most uniform outlet temperature distribution-ideally, 182 the fluid will exit the heat exchanger at a constant temperature.
183

M A N U S C R I P T A C C E P T E D ACCEPTED MANUSCRIPT
In mathematical terms, the mixed-mean temperature at axial position z in the heat 184 exchanger and time t, i.e., the average temperature over the cross section at z if that in-185 finitesimal slice of fluid is put into an adiabatic cup at time t, is defined as
187
The standard deviation of the cross-sectional temperature field, σ ′ (z, t), at axial position z 188 and time t is obtained by calculating
190
To make the results less dependent on the shape of the chosen inlet temperature distribution,
is normalized with respect to its inlet value:
193
Since the velocity distribution is time-periodic because of the inner cylinder modulation,
194
the exit standard deviation will also be time-periodic after the influence of the initial con-195 ditions vanishes. Therefore, the average value of the standard deviation over a period of
will be time invariant after a sufficiently long period of time. We denote by σ ∞ (z) the axial 
Results and Discussion
215
As in [15, 16] , two dimensionless control parameters, N T and N P , are first defined. The
216
former parameter gives the number of rotations that the outer cylinder makes per average 217 residence time in the annular heat exchanger:
219 where τ = L/ V z is the average residence time of a fluid particle in the apparatus. The 220 second parameter, N P , is related to the number of periods the inner cylinder makes per 221 average residence time: for the oscillatory cylinder,
, and N T = 30 used in our calculations, we get Sr = N P /60.
238
Thus, to keep Sr < 1 implies N P < 60. Although the calculations were carried out up to
239
N P = 64, we shall see that the interesting results are obtained for N P < 40. Therefore, the 240 underlying assumption of quasi-static flow seems to be a reasonable one and is not expected 241 to compromise the physical meaningfulness of the results.
242
The influence of the modulation frequency is first examined for a specific geometry, defined 243 by a clearance ratio R 2 /R 1 = 2 and an eccentricity ratio ǫ = 0.5. Figure 2 shows the 244 normalized standard deviation of the outlet temperature field as a function of N P for a fixed were generated under steady-periodic conditions at a time instant that is a multiple of the modulation period (2π/ω). The geometry and flow parameters are identical to those of Fig. 2 .
reference, the topmost plot shows the inlet temperature distribution, which is the same for 253 all cases, it is defined by Eq. (19) . The set of flow parameters considered in Fig. 3 includes the this framework, the equations of motion for a non-diffusive scalar are the advection equations, 
282
Notice how, for the optimum frequency (N P = 16), the tracer spreads over the whole section
283
and much less for the other values of N P .
284
In Hamiltonian systems, such as the flow under study but without an axial velocity 285 component (journal bearing flow), the initial location of a tracer particle is important. The 
293
When an axial Poiseuille velocity profile is superimposed over the above flow, as is the case 294 in the present study, a fluid particle moves forward in the axial direction with an instantaneous 295 velocity that depends on its cross-sectional coordinates. Because of this, a given location can revised 296 be either in a chaotic region or in a regular domain depending on the time instant. While a 297 fluid particle is moved forward by the axial flow inside the heat exchanger, the particle can find itself in a regular domain for some amount of time, then be trapped in a chaotic region, 299 then escape to another region, and so on. Because of this, the initial location of the particle 300 is more important in the 2-D flow than in its 3-D counterpart.
301
The initial locations of the two blobs in Fig. 4 are the minimum gap region, where the 
320
The stretching vector of a fluid element, l, associated with a tracer particle initially 321 located at x 0 can be calculated by integrating the advection equations, Eq. (26), subject to 322 (x) t=0 = x 0 , along with
324
The total accumulated stretching λ experienced by the fluid element at a given time instant stretching rate when the modulation frequency is at its optimum value.
344
The influence of the eccentricity ratio on the efficiency of the heat exchanger is shown in 
353
The color plots of the exit temperature field, displayed in Fig. 7 for selected values of 
Conclusions
373
The heat transfer rate into highly viscous, low thermal-conductivity fluids can be enhanced 
